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Abstract 

Jordan multialgebras of symmetric matrices are subspaces of the space of symmetric 
matrices which are closed with respect to several special Jordan multiplications. They 
arise in a model of composite materials as diffeomorphic images of exact relations — 
relations between the components of the effective tensors that hold regardless of com- 
posite's microstructure. The fundamental question of the theory of exact relations is 
whether every special Jordan multialgebra corresponds to an exact relation. This ques- 
tion is related to a generalization of a classical problem in the theory of special Jordan 
algebras about all possible product identities. A particular class of these identities, 
called the 4-chain relations do not hold in general for classical special Jordan algebras. 
However, there is a mounting empirical evidence that they do hold for rotationally in- 
variant Jordan multialgebras coming from physics. In order to resolve the apparent 
contradiction between theory and examples we give a complete characterization of all 
Jordan subalgebras of real symmetric matrices. We show that the failure of the 4- 
chain relations occurs only in exceptional cases, giving a plausible explanation of the 
prevalence of 4-chain identities in low-dimensional examples from the theory of exact 
relations, which is briefly reviewed in this paper. 
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1 Introduction 

While the subject of this paper is purely algebraic, the specific questions raised here come from 
applied mathematics, specifically from the modelling of composite materials O |T6l [27]. The 
study of effective behavior of composite materials abounds with beautiful formulas linking 
the components of the effective tensor and the tensor of material properties of its constituent 
materials when virtually nothing is known about the microstructure of the composite [HI [181 
EIlEHlIiaiHllEHllHinilTllSllHlliES] (see also a fairly complete hst in [H] and a review by 
Milton [26]). According to the general theory of these identities [HI [HI |9] (see Appendix [Al). 
each microstructure-independent relation corresponds to a novel algebraic object that we 
call special Jordan multialgebra — a subspace of the space of symmetric matrices closed with 
respect to several Jordan multiplications. The fundamental problem of the theory of exact 
relations is whether every special Jordan multialgebra corresponds to an exact relation. In 
algebraic terms the Jordan multialgebra corresponds to an exact relation if it is equal to the set 
of all symmetric matrices in the smallest associative multialgebra containing it. We call such 
algebras complete. The explicit characterization of all Jordan subalgebras of real symmetric 
matrices, which is the main result of this paper, shows that only exceptional simple algebras 
fail to be complete. Requiring the algebra to be closed with respect to several multiplications 
makes the examples of incomplete simple algebras even more rare. 
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Physically relevant examples of Jordan multialgebras possess additional structure of a 
representation space of SO (2) or SO (3) (2D and 3D microgeometries) . The interaction be- 
tween the representation structure and the multiplicative structure of the algebra has been 
studied in a series of papers [291 EB EOl [19] inspired by the same theory of exact relations. 
In Appendix O we use the main result of this paper to give examples of incomplete S0{2)- 
invariant Jordan multialgebras in the physically relevant context of several coupled gradient 
fields [231123]. We conjecture that 5'0(3)-invariant Jordan multialgebras, at least those aris- 
ing in physics are always complete (see Conjecture 12.31 below). This conjecture is supported 
by several physically important examples [UJ. 

The question of completeness is related to Morrey's conjecture in analysis, asking whether 
rank-1 convexity is equivalent to quasiconvexity. While Sverak's counterexample [33] shows 
that the two notions are different in general, the question of whether the same is true for frame- 
indifferent functions is still open. A related question in the context of composite materials 
was settled by Milton [271 Section 39.9], but the same question for 3D polycrystals, and in 
particular for polycrystalline exact relations that we deal with in this paper, is also open. 
The examples of incomplete S'0(2)-invariant Jordan multialgebras Appendix [C] may lead to 
counterexamples to the Morrey conjecture in the case of 2D polycrystalline exact relations. 

The paper is organized as follows. In Section [2] we formulate the algebraic problem arising 
in the mathematical modeling of composite materials and state our conjecture. In Section [3] 
we describe the structure of an arbitrary Jordan subalgebra of Sym(]R") in terms of simple 
algebras and simple algebras in terms of irreducible algebras. In Section H] we characterize all 
irreducible subalgebras. Section [5] we describe the automorphism of the irreducible algebras 
that are needed to build a simple algebra out of an irreducible one. In Section [6] we put all the 
results together a discuss the question of completeness of arbitrary Jordan subalgebras and 
multialgebras. The general theory of exact relations is summarized in Appendix |X] for the 
convenience of the reader. Appendix [B] reviews an example from [TT] for which our conjecture 
is settled in the affirmative. Appendix [Cl gives general equations for 5'0(2)-invariant Jordan 
multialgebras in the context of several coupled gradient fields and exhibits several examples 
of incomplete 5'0(2)-invariant Jordan multialgebras. 

2 Preliminaries 

In this section we formulate the algebraic problem that arises in applications, namely, the 
theory of composite materials. Let T be a real finite dimensional representation of 5*0(3). 
The irreducible representations (irreps) are parametrized by non-negative integers, called 
weights. In the theory of composite materials, where one is interested in coupled thermal, 
electric and elastic properties of materials, the space T can contain only the irreps of weights 
0, 1 and 2. The weight irrep Wq is a 1-dimensional space with trivial group action. The 
weight 1 irrep Wi is with the natural action of SO (3), while the weight 2 irrep W2 is 
the space SymQ(]R^) of symmetric trace-free 3x3 matrices with SO {3) acting by conjugation 
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A ^ RAR-^. Thus, 

r= Wo®K"«©Vri®M"i©iy2®K"', rio > 0, ni > 0, > (2.1) 

is the most general representation encountered in the theory of composite materials. The 
notation in (12. ip emphasizes that the group acts trivially on the second factors in tensor 
products above. We assume that the representation T is equipped with a fixed S0{3)- 
invariant inner product. The space Sym(T) of symmetric maps on T has a natural action of 
5*0 (3) and splits into the direct sum of irreps up to weight 4. In addition to the representation 
T the algebraic structure of our problem is determined by the choice of a subrepresentation 
A C Sym(T), which must be isomorphic to W2 © W4 as an SO (3) module (or only W2, if 
n2 = 0). 

Definition 2.1. A rotationally invariant Jordan A-multialgebra is a subrepresentation U 
of Sym(T) closed with respect to Jordan multiplications 

K,*aK2 = ^{K^AK2 + K2AK,), {K,,K2}cU, AeA. (2.2) 

A subrepresentation U' C End(T) closed with respect to the multiplications {Ki,K2) 1— t- 
K1AK2 for all A E A is called an associative A-multialgebra. 

Let 2l(n) to be the smallest associative ^-multialgebra containing 11. For any subspace 
V C End(T) that satisfies V'^ = we define 

^sym = Vf] Sym(r) = {A + A'^ -.AeV}. 
Definition 2.2. A Jordan A-multialgebra U is called complete if 

2i(n),,„ = n. (2.3) 

Otherwise, we will say that U is incomplete. 

According to the general theory [H [TTl [9l [27] (see Appendix |A]) the Jordan multialgebra 11 
corresponds to an exact relation for composite materials if it is complete. It is easy to show 
that n is complete if and only if 3 and 4-chain identities 

K^A,K2A2Ks+KsA2K2A^K^ e U, KrA^K2A2K:,A^K^+K^A^K:,A2K2A^Kr G H (2.4) 

hold for all {Ki^ K2, K^^ K4] C 11 and all {^1,^2,^3} C A. The proof is a straightforward 
modification of the proof of Cohn's theorem |T5l p. 8]. We remark that in the case of classical 
Jordan algebras (one-dimensional subspace A) the 3-chain relations hold automatically. 

Conjecture 2.3. Assume that T is given by ^2.1\) and A C Sym(T) is isomorphic to W2 © 
as an 5*0(3) module. We conjecture that any rotationally invariant A-multialgebra is 
complete. 
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The rationale behind this conjecture is a positive result established in [TT] (see also Ap- 
pendix [B]) , when uq = n2 = and A = W2 ® ffi-Tm , where /„ denotes the n x n identity 
matrix. The analogous result for S'0(2)-invariant Jordan ^-multialgebras does not hold (see 
the counterexamples in Appendix [C]). We have also computed a complete list of Jordan A- 
multialgebras for no = rii = n2 = 1 in [llj. The veracity of the conjecture was verified by 
hand for each Jordan ^-multialgebra. 

While the existing empirical evidence points in favor of our conjecture, the established 
understanding for classical Jordan algebras points against it. One of the first examples in 
the Jacobson's book on Jordan algebras \15\ shows that Jordan algebras do not have to be 
complete in general. In order to resolve this apparent contradiction between theory and 
practice we obtain a complete characterization, up to orthogonal conjugation, of all Jordan 
subalgebras of Sym(R"'), i.e. subspaces 11 C Sym(M"'), which are closed with respect to the 
Jordan product 

A* B = ^{AB + BA). (2.5) 

The explicit characterization, obtained in this paper reveals that completeness can indeed fail, 
but only in a few exceptional cases. Adding more multiplications with respect to which the 
algebras have to be closed makes these cases even more exceptional, so that in the relatively 
low dimensional cases completeness is generic. The analysis of how the addition of S0{3)- 
invariance can eliminate the exceptions altogether, as in Appendix [B] is beyond the scope of 
this paper. 

3 The structure of Jordan subalgebras of Sym(M^) 
3.1 Properties of formally real Jordan algebras 

Before we begin our analysis we must mention the complete classification of all formally real 
Jordan algebra^] by Jordan, von Neumann and Wigner in [17] , since clearly, all subalgebras of 
Sym(R"') are formally real. However, our goal of classifying all Jordan subalgebras of Sym(M") 
is different. Moreover, the question of completeness for a subalgebra 11 C Sym(R") depends 
not only on the isomorphism class of 11, but on the specific embedding of 11 C Sym(M"). In 
fact, our results will produce an example of two different faithful representations of the same 
algebra in Sym(]R"'), one of which is complete, while the other is not. 

Even though the final classification of all formally real Jordan algebras in [17] cannot 
be used directly, the intermediate results in that paper are immediately applicable to our 
problem. Here we summarize the results from [T7] that we will need below, for the convenience 
of the reader. The first set of statements refers to an arbitrary formally real Jordan algebra. 

Theorem 3.1 (Jordan, von Neumann, Wigner). 

^ An algebra 11 is called a Jordan algebra, if it is commutative, non-associative algebra in which A" * A™ = 
^m+n g^Yl non-negative integers m and n. It is called formally real if the sum of squares of any number of 
elements of IT can be zero only if all of the elements are zero. 
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(a) There is a unique element In ^ H such that In* A = A for all A ^U. 

(b) The subalgebra (In, A) generated by A and In contains pairwise orthogonal non-zero 
idempotentJ^ Ei, . . . , Eg such that 

E^ + ... + E, = Iu, AiEi + . . . + X,E, = A (3.1) 

for some {Ai, . . . , A,,} C M. 

(c) An idempotent is called unresolvable, if it cannot be written as a sum of two orthog- 
onal non-zero idempotents. There exist unresolvable, pairwise orthogonal idempotents 
El, . . . ,Er such that 

Ei + ... + Er=In- (3.2) 

The resolution of unity jiS. 2\l is not unique but the number r of unresolvable pairwise 
orthogonal idempotents in it is always the same. 

(d) If A all is a proper ideal then II = A® B as a direct sum of algebras, where B = {B G 
U : A * B = 0, for all A G A} is the complementary ideal. 

(e) Any algebra 11 is a direct (orthogonal) sum of simple algebras 

n = ni©...©n„, (3.3) 

where each component Ilj is identified with a minimal proper ideal in 11. 

The second set of results refers to a simple formally real Jordan algebra 11, in which the 
decomposition of unity (13. 2p is chosen. Let 

M^" = |a G n : * A = ]^{5pr + 5^r)A for all r = 1, . . . ,r| , p,a = 1, . . . ,r. 

Clearly, MP" = M^p. 

Theorem 3.2 (Jordan, von Neumann, Wigner). 

(a) 11= M.P'^ , as a direct sum of vector spaces. 

l<p<:Cr<r 

(b) dimA^""'^ = 1, dimA^'"^ = p, independent of a and p, as long as a ^ p. 

(c) The spaces M-P"^ have bases {Xl" , . . . ,XP'^} such that 

XP; * Xr = S^^iEp + E„), p,u = l,...,p, l<p<a<r. 
^i.e. E^* E„ ^ S^crE^ 
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3.2 The non-singular Jordan algebras 



From now on 11 refers to a subalgebra of Sym(R"), i.e. a subspace closed with respect to the 
multiphcation (12. 5p . Let 

Af(n) = {ueW ■.Au = for all A G U}. 
Then, in the basis which is the union of the bases for V = A/'(n)-'- and A/'(n) 



n 



A 




-.AeHoC Sym{V) } , (3.4) 



where Ho is a Jordan subalgebra of Sym(V^), for which MiYlo) = {0}. 
Definition 3.3. We say that the Jordan algebra U is non-singular if 

mm = {0}. (3.5) 

Any algebra 11 is non-singular on = A/'(n)-'-. Hence, without loss of generality, we may 
assume that 11 is non-singular. 

Lemma 3.4. Suppose that the Jordan algebra U C Sym(R") is non-singular. Then, In G H, 
where In is the n x n identity matrix. 

Proof. By Theorem 13.11 there exists the algebra identity In ^ n. Then = In- Therefore, 
the symmetric matrix In may have eigenvalues that are either 1 or 0. Suppose u G M" is an 
eigenvector of In with eigenvalue zero. Then, by assumption, there exists A G 11, such that 
V = Au 7^ 0. Applying the equality 2A = Aln + IuA to the vector u we obtain 2v = Inf. This 
contradicts the fact that 2 is not an eigenvalue for In. Thus, In may not have an eigenvalue 
0. Therefore, lu = In- CH 

Let A E H. Suppose that its eigenvalues are {Ai,...,As} C M and the corresponding 
eigenspaces are V^, a = 1, . . . , s. By Theorem 13.11 the idempotents in (13. ip must be or- 
thogonal projections Py^ onto the eigenspaces Va of A. We will call them spectral projections. 
Thus, for any ^4 G LI all of its spectral projections Py^ must also be in LI, and 

s 

A = Y,KPv^, \/i©...©K = M", (3.6) 



3.3 Splitting of Jordan algebras 

Definition 3.5. We say that the Jordan algebra U C Sym(M"') splits over the orthogonal 
decomposition = Vi © . . . © LI = Hi © ... © 11^, is a direct sum of Jordan algebras, 

where 

Ua = {A eU : Aw = for all w G V^}, a = l,...,m. 
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If n splits over = Vi © . . . © Vm, then in the basis, which is the union of bases for V^, 
a = 1, . . . ,m the algebra 11 has the form 

n = {diag(Ai, . . . , A„) : A, e n° C Sym(K.), a = l,...,m}. 

In other words all matrices in 11 have block-diagonal structure, with independent blocks 
taken from subalgebras 11° C Sym(V^) that are isomorphic to IIq. Clearly, each IIq C 11 is 
an ideal. Conversely, if ^ C 11 is an ideal, then, according to Theorem 13.11 there exists a 
complementary ideal 

B = {B eU : A* B = for a\\ A e A}, 
such that 11 = A® B, direct sum of algebras. 

Lemma 3.6. Let A and B be the complementary pair of ideals in U. Then there exists V gM^ 
such that U = A®B is the splitting of U over M" = 1/ © 1/-^. 

Proof. Let V = MiB). The subspace V cannot be all of M", since otherwise B = {0} and 
^ = n. li V = {0}, then S is a non-singular algebra and /„ G B, by Lemma 13.41 But 
then B = U and A = {0}. The subspace is invariant for B, since all matrices in B are 
symmetric. Thus, B is isomorphic to a subalgebra Bq of Sym(y^) defined by the restriction 
of B on V-^. By our construction M{Bo) = {0} and, applying Lemma [131 to Bq we conclude 
that Pv± e B. Now, let 5 G H be such that Bv = for all v eV. Then Py± *B = B. Thus, 
B & B, since B is an ideal. We have now proved that B = {B G 11 : Bv = for all v E V}. 
To finish the proof of the lemma we need to show that A^(^) = V-^. First we observe that V 
(and therefore V^) is an invariant subspace for A. Indeed, for any v E V and any AEAwe 
have 

Py^{Av) = 2{Pv± * A)v - A{Pv±v) = 0, 
since Py± G B. Also, for any w G V-^ and any A E Awe have 

Aw = Pv±{Aw) = 2{Py± * A)w - A{Py±w) = -Aw. 

Thus, V-^ C N'lA). To prove the reverse inclusion we observe that Py * B = for all B E B. 
Indeed, B * Pv± = B for all B e B, therefore B * Py = B * {1^ - Py^) = B - B = 0. It 
follows that Pv G A. Thus, if Ax = for all A e A, then Pyx = and x eV^. □ 

Corollary 3.7. Let liS. 3\) be the decomposition of U into a direct sum of simple algebras. 
Then, there exist pairwise orthogonal subspaces Vi, . . . , Vm ofW^ such that liS. 3\) is the splitting 
ofU over the orthogonal decomposition M" = l^i © . . . © Kn. Thus, 

n = {diag(v4i, ...,A^): A^eU^C Sym(\4), a = 1, . . . , m}, (3.7) 

where Ua C Sym(V^), a = 1, . . . ,m are simple Jordan algebras. 



8 



3.4 Irreducible Jordan algebras 



According to Corollary 13 .71 we need to understand the structure of simple non-singular Jordan 
algebras 11 C Sym(M"'). As in the theory of associative algebras it is important whether or 
not there is a common invariant subspace for all matrices A E H. Any Jordan algebra is 
completely reducible in the sense that there exists an orthogonal decomposition 

W = Vi®...®Vk, 

such that all subspaces Va are invariant for all matrices A E U and they do not contain any 
smaller proper invariant subspaces for U. 

Definition 3.8. A Jordan subalgebra of Sym(M") is called irreducible if it does not have 
any proper invariant subspaces in R". 

We remark that the irreducibility is not a property of the Jordan algebra itself, but rather 
of the specific embedding of that algebra in Sym(R"). Our goal is to describe the structure 
of an arbitrary simple non-singular subalgebra of Sym(]R") in terms of irreducible algebras. 

Lemma 3.9. Let U be a simple non-singular subalgebra of Sym(]R") and M" = © . . . © 
be an orthogonal decomposition of M" into the sum of irreducible invariant subspaces. Let 

n„ = {Pv^APv^ -.AeUjc Sym(K), a = l,...,k. 

Then Ua C Sym(V"a), a = l,...,k are irreducible Jordan algebras in the sense of Defini- 
tion \3.S\ Moreover, the maps T^p : 11^ — )■ 11^ defined as 

T^pA = Pv,KPv,, A = Pv^KPv^, K eli 
are Jordan algebra isomorphisms. 

Proof. Let A G IIq, and suppose {Ki,K2} C 11 are such that A = Py^KiPy^ = Pv^K2Pva- 
Then PvAKi - K2)Pv^ = 0. Let 

A={KeU: Pv^KPv^ = 0}. 

Let us show that A is an ideal in U. Let X G 11 and K & Ahe arbitrary. For any x G M" we 
have X = V + where v G Va and w G V^. Obviously Pv^i^ * K)Py^w = 0. We also have 

2Pv^{X*K)Pv^v = Pv^KXv, 

since Kv = for any v E Va- But Xv G Va, since Va is an invariant subspace for U, and 
thus, KXv = 0. It follows that X * K E A. The ideal A cannot be U, since in that case 
Va C A/'(n), contrary to the assumption that 11 is a non-singular algebra. Hence, A = {0}. 
Hence, for any A G Hq, there is a unique G H for which A = Py^KPy^. Moreover, for any 
{i^i, i^2} C H we have 

(Py^iTiPvJ * (Pv^K^PvJ = PvAKi * K,)Pv^. 
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Indeed, the invariance of Va implies that for any f G 

It follows that IIq, C Sym(V^) are irreducible Jordan algebras. The maps Tq^ are well-defines 
and preserve Jordan multiplication 

T^piA, * A2) = Pv.iKi * K2)Pv, = (Pv.K.Pv,) * {Pv.K^Pv,) = (T^pA^) * {T^pA^). 

By construction, the maps Tap are surjective. Let us show that they are also injective. If 
A e IIq and A 7^ 0, then there is a unique K & 11 such that A = Py^KPy^. Clearly, 
K ^ 0. If TapA = PvpKPv^ = 0, then K' = Q and K K' satisfy PvpKPy^ = Pv^K'Pv^ in 
contradiction of uniqueness. □ 

Hence, we have proved the structure theorem for simple non-singular Jordan subalgebras 
of Sym(M"). 

Theorem 3.10. Let n C Sym(]R"') he a non-singular simple Jordan algebra. Then there 
exists an orthonormal basis (o.n.b.) ofW"" in which the algebra 11 has the form 

n = {diag(A,TiA, . . . ,T,_iA) : A G Ho C Sym(M^)}, (3.8) 

where Hq C Sym(M^) is an irreducible Jordan algebra and Ti, . . . ,Tfc_i are Jordan algebra 
isomorphisms. 

Thus, we have reduced the problem of description of all subalgebras of Sym(]R") to the 
problem of characterization of all irreducible Jordan algebras and their isomorphisms. 

The problem of completeness of 11 can also be restated. It is now clear that for a Jordan 
algebra to be complete in the sense of Definition 12.21 it is necessary and sufficient for each of 
its simple components IIq,, to be complete. The latter condition will be satisfied if and only 
if the irreducible algebras Hq and IIq, = TqIIq, a = 1, . . . , — 1, in the representation (13.81) 
are complete and Jordan isomorphisms Tq satisfy 

Tq(AiA2A3A4 + A4A3A2A1) = TqAiTqA2TqA3TqA4 + Tq A4TQ AjTq AsTq . (3.9) 

4 The characterization of irreducible Jordan algebras 

To complete the characterization of all Jordan subalgebras Sym(R") we need to describe 
all irreducible Jordan algebras up to an orthogonal equivalence and compute their Jordan 
isomorphisms. In this section we take on the former problem. 
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4.1 Block decomposition 

According to Theorem 13.21 there exist an orthogonal decomposition M" = Wi ® ■ ■ ■ ® 
such that the algebra 11 can be represented as a direct sum 11 = 0i<p<o-<r -^'"^ (block 
decomposition), where 

and 



M"" = RP;y„, a = l,...,r, 



M'^^ = {Pw^APw, + Pw.APw^ : A G n}, 1 < « < /3 < r. 
The spaces M""^ have the same dimension p for all 1 < a < /3 < r and have the basis 

such that 

Xf*Xf = 5^,{Pw^ + Pw,), fi,u = l,...,p. 

In particular, 

(^X^'^y = Pw^A^PwpA^Pw^ + Pwi^A^Pw^A^j^Py/iii = Pwc + Pw/i- 

It follows that 

PwcAfjiPw^A^Pw^ = Pwcy PwpAfj^Pw^A^Pwp = Pwp- 
From the first equality we obtain that 

dim(IV„) = rank(P,yJ = nm^Pw^A^^Pw^A^Pw^) < dim(IV^), 
while from the second one we obtain 

dim{Wp) = rank(Pi^^) = rank{Pw^A^Pw^A^Pw^) < dim(iy„). 
Thus, dim(VFQ,) = d = n/r for all a = 1, . . . , r. 

4.2 Structure of A^"^-blocks 

In order to continue, it will be convenient to fix arbitrary orthonormal bases for spaces and 
work with dx d matrices X representing the a/3-block of P^^APw^. Part (c) of Theorem 13.21 
asserts that the space U of d x d matrices representing the a/3-h\ock of A^°^, a < (3 has the 
basis Xi, . . . ,Xp such that 

It follows that {Xi, . . . , Xp} C 0{d). Let = X^Xf , /i = 1, . . . ,p. Then Yi = 1^ and 
Y;yI = I,, F^ + fJ = 0, F^Fj + nyJ = 0, 2<y.<v<v 
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In particular Y. 



-Id, /i 



,p. Thus, if p > 1, it follows that p is even and all Y^, 



jj, = 2, . . . ,p have exactly two eigenvalues ±i. By a choice of the o.n.b. in 
Y2 as a block-diagonal matrix with identical 2x2 blocks 



Y2 = diag(S', ...,S) = S^ Id/2, S 



-1 

1 



we may represent 



(4.1) 



If j9 > 2 then Y3 must satisfy 



— —^3? — —Id, Y3Y2 — —^2^3- 

Before we determine the explicit form of Y^, let us assume that p > 3. Then Y4 satisfies 

= —Y4, Y^ = —Id, Y4Y2 = —Y2Y4, ^4^3 = —Y^Y^. 

Then the matrix Z = I3I4 has the properties: 

= -Id, Z^Z = Id, ZY2 = Y2Z. 

The last relation implies that the two complex eigenspaces of Y2 are invariant with respect to 
Z, while Z has exactly two invariant subspaces in C^, each of complex dimension djl. The 
eigenvalues of Z are also ±i. We conclude that Z = ±1^2- In particular, 1^4 = ±1^2 ^3- The 
same argument would apply to any F^, n > 3. Thus, p < 4. It remains to identify the matrix 
Y3. 

If we represent I3 as the block- matrix yp„, where ?/pa- are 2x2 blocks, then the defining 



property of 13 becomes 



T 



-yptj and yp^S = —Syptj. It follows that ypp = and 



Vpa = -ipiapa + ibpa) 



(^pa bpcr 



^pa 



"pa 



p < k. 



for some real numbers ap„, hp„. Thus, the matrix Y^ can be described bya(i/2x(i/2 complex 
matrix M, such that i/po- = il){'mpa). The equations 



T 



imply that 



Yi = -Id, 



Y^Y2 — —Y9Y9 



2-' 3- 



(4.2) 



ld/2. 



M* 



-M. 



Taking determinant of the first and second identity we get a contradiction, unless d/2 is even. 

Now we observe that we still have some freedom in choosing the o.n.b. in R'^ in such 
a way that I2 is still given by (14.11) . For that purpose we can use only those orthogonal 
transformations R that have the property RY2R^ = Y2. Writing R as d/2 x d/2 block matrix 
with 2x2 blocks rp„ we find that rp„ = (p{cp„) for some Cpa- G C. Hence, we identify such 
rotation matrices R with complex d/2 x d/2 matrices C G U{d/2). If Y3 satisfies (14. 2 p and 
R & 0{d) is such that RY2R^ = I2, then the transformed matrix Yg' = RY-^R^ also satisfies 
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the same set of equations. This matrix has 2x2 blocks '^{m'p^), where M' — CMC'^ , 
C e U{d/2). Observe that if u e C^^'^ is an eigenvector of M, i.e. Mu = Xu then 



u = XM*u 



-XMu 



u 



Mu^ -= = -Xu, 
X 



since |A| = 1. In particular, the eigenvalues A and —A are distinct and hence vectors u 
and u are orthogonal in C^/^. Thus all eigenvalues and eigenvectors of M split into pairs 
Ui,ui, . . . ,Ud/4:,Ud/4:- Let C e U{d/2) be such that 

Then the matrix M' = CMC'^ will have components 



Consider 4 possibilities. If a and p are even, then 
If (7 and p are odd then 

M'pa = (M'U(^+i)/2,M(p+l)/2) = A(^+i)/2(M(<j+1)/2, M(p+l)/2) = 0. 

If a is even and p is odd then 

-^ptT = {MUa/2,U(^p+l)/2) = -Act/2 1i(p+l)/2) = " Act/2 ■ 

If (7 is odd and p is even then 

^'pa = (^«(a+l)/2,«p/2) = A(ct+i)/2(«(ct+1)/2, Mp/2) = A(CT+l)/25a+l,p- 

Hence, M' has a block-diagonal structure 








-Ai " 




— Arf/4 




( 


. ^1 







Xd/4 


) 



where Ao G 



A. 



diag 



1. Now we can take C G U{d/2) that has the same block-diagonal 



structure, i.e. C =diag(Ci, . . . , Cd/4), where Cp G U{2). A simple calculation shows that 



-A, 
Ap 



Cj = det(C7p 



-A, 
Ap 



Hence, we can choose the blocks Cp such that det (Cp) = A^^. Hence, there is a choice of the 
o.n.b. in R*^ so that 



Ki = diae 





^(1) 





^(1) 



-vXi) 

^(1) 



Id/A. (4.3) 
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If p = 4 then, 





m 







In summary we have the following result. If d is odd we must have p = 1 and there exists 
ReO{d) such that U = RR = U^R, where = Rid = M. lid is even but not a multiple 
of 4, then we may have p = 1 and W = U^R, or p = 2 and there exists orthogonal matrices 
{Ri, R2} C 0{d) such that W = i?iW^/?2, where 



{(^(z) ® Id/2 ■.zeC}^C. 



Finally, if (i is a multiple of 4, then there are four possibilities. We may have U = U*R, 
U = RiU^R2, U = RiU,R2 and U = RiU^R2, where 



ipia) ip{a) 



(S) Id/4 ■ a e C, a e 



and 



® Id/4 ■■ {a, b}cC 



H. 



ip{a) -ip{b) 
ipib) ip{a) 

The space can be identified with quaternions. The quaternion q = qo + iqi + jq2 + kq-s 
corresponds to 4 x 4 matrix Q{q) given in the block-form by 



Q{q) 



The matrices Q{q) have the property that Q{q)h 



h = ho + ihi + jh2 + khs G EI and h = [ho, hi, h2, hs] G IF 
q = qo — iqi — jq2 — kq-^. It is important to note that qh 



qh, where we identify the quaternion 
In addition Q{q)'^ = Q{q), where 
= hq. 



4.3 Block interaction 

According to Theorem 13.21 all the blocks Ai"^, a < P have the same dimension p (that can be 
either 1, 2, 3 or 4). We have shown in the previous section that there are orthogonal matrices 
{Rai3, 1 < «, /3 < T, a 7^ /?} C 0{d) such that Uajs = R^jjUoRi3a, where Uo is one of the spaces 
14^, lA'^, or W*. If r = 2, then we can make a change of the orthonormal bases in Wi and 
W2 with the change of basis matrices R12 and R21, respectively, so that U12 = U21 = Uq in 
the new basis. The resulting Jordan algebra will be irreducible only if d/A = 1. 

Now consider the case r > 2. Then for every three mutually distinct indexes a, (3 and 7 
we hav^ 

-^0/3^0-^/30-^^7^0-^7/3 = Raj^oR-ya- (4.4) 

•^Inclusion of the left-hand side into the right-hand side in (|4.4p is replaced by the equality because the 
dimension of the vector space on the left in (|4.4p cannot be smaller than the dimension of the vector space 
on the right. 
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Let Tapy = RafjR^y eO{d). Then T^^^ = T^^p and 

Ta-ylMoTpayUoT-yjia = ^0- (4-5) 

Lemma 4.1. If r > 2 then 

(a) Uo ^ 

(b) For all distinct index triples a, P, 7 we have 

T^py e G{K) = {TeO{d): TKT"^ = K}, 

where K is either U^, U'^ orlA^. The space K zs a division algebra isomorphic to M, C 
or H, respectively. 

Proof. For simplicity of notation let Ti = T^^^, = T/Sa^ and T3 = T^jsa- Choosing G Uq 
we obtain that T1T2 = uqT^^ for some uq E Uo\ {0}. Therefore, moT3"^WoT3 = Wq, since 
TiT^UqT^ = Uq. Thus, T^^UqT^ = Uq^Uq. Returning to (14. 5 p we obtain 

It follows that for arbitrary v eUq and w eUq 

wv-^o G T1W0T2T3. (4.6) 

It is now easy to see that if Uq = ZY* then the set of elements {wv~^uo : u, w G W*} span — a 
4D vectors space, which cannot possibly be a subspace of the 3D space T1W0T2T3. Part (a) is 
proved. 

Now we may assume, without loss of generality, that Uq = K — a division algebra. In 
that case, (14. 6 p implies that TiKTf ^ = K, since T2T3 = T^^uq. So far we have proved that 
{Ti,Ts} C G{K). But then T2 = T^^UqT^^ G G(K), since Mq e G(K) and G(K) is a group. 
Part (b) is proved now. □ 

We can now understand the relations between the space hla/s- Lemma WTl excludes Uq =U^, 
which leaves only the cases where Uq is a division algebra over R. From (14. 4p and Lemma l4?T] 
we have 

Ua-y = R^j^UoTiia'yUQRyp = R^plAoTpaylAQT p^^TpayR^ii = R^plAQRpaR^.yR'yli- 

Let Fo,p = Rlf^Rpa- We note that F^/j G 0{d) and Fj^ = F^^- Then = Fa^R^jlUoRpaFp^, 
where a 7^ /3 7^ 7. In particular, choosing /3 = l,a>l,7>l and a 7^ 7, we obtain 

Ua-y = FalRi^UoRlaFlj. (4.7) 

By Lemma [4.11 we have 
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Therefore, R^^UoRa^ = R^^UoRai3, where a 7^ /3 7^ 7. In particular, choosing a = 1 and 
/3 > 1, 7 > 1, /3 7^ 7, we obtain 

Ri^UqRi^ = R^pUqRip. (4.8) 

Relation (14. 8 p says that the spaces R^pUQRip do not depend on the choice of the index /3 > 1. 
Thus, regardless of the value of a in (14. 7p we can write 

Ua^ = FaiRi2l^oRi2Fi^, a > 1, 7 > 1, a 7^ 7- 

We can now change bases in the space Wa, a = 1, . . . , r according to the orthogonal change 
of basis matrices Qa = FiaRu, a > 1 and Qi = Id- We see that in the new bases the 
spaces Ua'y will become QJ^a-yQ'^ = Wq. We obtain that 11 = Sym(]R'') ® M.Id, if Uq = U^. In 
other words, elements of 11 are r x r block matrices with the ap-th block of the form a^pl^, 
where a^p G M with Uap = a pa- The assumption that 11 has no non-trivial invariant subspaces 
implies that we must have d = 1 and H = Sym(R'^). If Uq = U^, then U = S^iC) ® RId/2, 
where Sj{C^) denotes the real vector space of complex Hermitean r x r matrices. In other 
words elements of 11 are r x r block matrices with the a/3-th block of the form (p{ca(5) ® Id/2, 
where Cap € C with Cap = c^- The assumption that 11 has no non-trivial invariant subspaces 
implies that we must have d/2 = 1 and 11 = S^{C^) the space of r x r complex Hermitean 
matrices. If U = U^, then 11 = io(]HI'') ^ Ml^/i, in other words elements of 11 are r x r block 
matrices with the a/3-th block of the form Q{qai3) ® Id/i, where qa/^ G H with qai3 = q^. The 
assumption that 11 has no non-trivial invariant subspaces implies that we must have d/4 = 1 
and n = Sj{W) the space of r x r quaternionic Hermitean matrices. If r = 2 and Uo = 
then we can change basis in Wi and W2 so that = {Q{q) : g G H, 3f?e(g) = 0}. Thus, we 
have proved the following characterization of all irreducible Jordan subalgebras of Sym(]R"). 

Theorem 4.2. Let H be an irreducible Jordan subalgebra of Sym(]R"') then there exists an 
o.n.b. in which H have one of the following forms 

(a) Real case: H = Sym(M") 

(b) Complex case: H = i.e. n is even and all matrices A G H have the block form 
with 2x2 blocks ip{caii), where Cap G C with cpa = c^, a, (3 = 1, . . . ,n/2. 

(c) Quaternionic case: H = S}{Il"'^^), i.e. n is a multiple of 4 o.nd all matrices A G H have 
the block form with 4x4 blocks Qiqap), where qap G M, q^a = q^, a, /3 = 1, . . . ,n/4:. 

(d) Exceptional case: n = 8 and 

: {Ai,A2} C R, g G H, sRe(g) = I . (4.9) 



H = m 



A1/4 Q{q) 
-Q{q) A2/4 
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It is interesting to compare the above characterization of irreducible Jordan subalgebras 
of Sym(M") with the characterization of all simple, formally real Jordan algebras in [T^. We 
have shown that aside from the exceptional Albert algebra of 3 x 3 Hermitean octonionic 
matrices that cannot be embedded in any real matrix algebra [1], the only formally real 
Jordan algebras that cannot be embedded in Sym(M") are the algebras &n, N > 7, where 

&N = Span{l, si, . . . , sn-1, 8^*8/3 = S^f^l, a, (3 = 1, . . . , N - 1}. 

We note that 

6i = M, 63 = Sym(R2), ©^^^(C^), 65 = 0,, 
while ©2 is not simple. 



5 Jordan automorphisms 

Observe that all of the orthogonally distinct irreducible subalgebras of Sym(R") are non- 
isomorphic. Therefore, the isomorphisms in the structure theorem 13.101 can made to be 
automorphisms of an irreducible algebra by an appropriate change of the o.n.b. in M". 



5.1 Automorphism of 



The automorphisms T^, of are the easiest. We first observe that T^, must map /§ into Jg 
since Jg is defined by the property I^* K = K for all X G U*. Next we observe that if 



K 



A/4 Q{q) 
-Q{q) -A/4 



then = (A^ + \q\'^)Is. Thus, 



A'/4 Q(g') 
-Q{q') 



where A' and q' depend linearly on A and g, while in addition we have (A')^ + 
Thus, there is -R G 0(4) such that 



\^+\q\\ 



q' 
A' 



R 



q 
A 



Here we make no distinction between the quaternion q = qii + g2j + qsk and the vector 
(gi,g2,5'3) £ Conversely, if i? G 0(4) effects the transformation [A,g] — > [A', g'] then 
iT,Ky = T,iK'). 
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If we write i? G 0(4) in the block form 

Ro r 



R 



r p 



Ro G End(M^), {r,r'} CW, pE M, 



then we can write the formula for explicitly: 

A1/4 Q{q) 



-Q{q) A2/4 



A'1/4 Q{q') 
-Q{q') X'^h 



where 



K =^r-^i + ^7^A2 + (r', q) 



2 

1 + P 



A2 - (r', g) 



/ D Ai — A2 
q =Roq + ^ r. 

It is easy to see that the Jordan algebra automorphism extends to the Jordan algebra 
automorphism T of io(HI^) by defining 



T 






I 4 


= ± 





I 4 


h 







h 






These are the only possibilities, since 



"0 I 4 


2 


"0 u 






= /8, 




* 


h 


h 





A/4 Q(g) 

-Q{q) -A/4 



0. 



We conclude, that the Jordan algebra automorphisms of 11* are simply restrictions of those 
Jordan algebra automorphisms oi S){M?) that map 11^, into itself. 



5.2 Automorphisms S^{W), S){V) and Sym(R^) 

Let us now compute the automorphism group for S^{W). As a consequence of the analysis we 
will also obtain the automorphisms for Sym(R'') and Let ei, . . . , e,. be the standard 

basis of W viewed as the right H-module (see [201 P- 642]). We observe that T maps an 
orthogonal projection into an orthogonal projection, since T{A^) = (TA)"^. Also, If the two 
projections are mutually orthogonal then their T-images must also be mutually orthogonal. 
Hence the matrices ei ® ei, . . . , ® get mapped into the matrices ui <^ ui, . . . ,Ur <^ u^, 
where the vectors {ui, . . . ,Ur} C H'", are mutually orthogonal^. Let us fix a 7^ /3 and let 
M = T{ea ® 6/3 + 6/3 ® 6q,). Then we have 



{Ca ® 6/3 + 6/3 (g) 6q,) * {Ca ® 6q,) 



e/3 + 6/3 (g) 60 



M * {Ua®U^) = M. 



*The two vectors a and h are orthogonal in H'' if (a, h) = aibi 



arbr = 0. 
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Thus, there is a vector m eW such that M — m <S> Ua + Ua <S> m. Changing index a to ^ we 
also get M — piSiu^ + Up ®p ior some p eW. Equating the two forms of M we obtain 

m = Uatti + Ui3a2, p = Uah + Uisb2, 

Substituting this back into the formula for M we obtain 

oi = — oi, 62 = — &2, 02 = bi- 
In particular M must have the form 

M — Ua<S> Upa2 + Upa2 ® u^. 

Applying T to the relation 

(ca <8) + (g) e^f = 60(8)6^ + 6^(8)6^ 

we obtain = (8) + ti/j (8) ti^- This is satisfied if and only if \a2\ — 1. Hence, for any 
OL^ ^ there are unit quaternions a^"'^^ — a^^"^ such that 

If r > 2 we applying T to the identity 

{ca ®ep + ep® 6q,) * {ep ® + ® ep) = ^ (6q (8> + (8) 6^) 

we conclude that the complex number 0!^°"^^ satisfy the relations a^^^^a^'^^^ — a^'^'^\ Thus for 
any q; /3 7^ 1 we have a^"^) = a^^^^a^"^). It follows that 

M = -UaO^^") (8 ^I^oM + -f/^a^^^) (8 u^a^. 

Now, replacing vectors with a*^^"^tia, for all o; = 2, . . . , r we obtain 

T(ea (8 6a) = (8) ti^, T(ea (8) 6^ + 6/3 (8) 6^) = (8) i^s + (8) 

for an o.n.b. {ui, . . . , Ur} C H^. 

Now, let P — T{iea®ep — iep®ea)- Observe that P has exactly the same set of properties 
as the one used to derive the formula for M: 

[ica ® ep — iep (8) Cq,) * (e^ (g) e^) = ica ® ep — iep ® Ca -P * (m„ ® n;^) = P, 

(i6a (8) 6/3 — i6^ (8) 6q) * (6^ (8) ep) — iCa ® ep — lep ® Ca =^ P * {up (8) Up) — P, 
{ica ®ep — iep (8 6^)^ — e^® ea-\- ep ® ep =^ = (8 + <8 tig- 
We conclude that there are unit quaternions f^'*^^ = —0<^) such that 

P^Ua® 'up^ + Up&l^^ ® U^. 
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Next, we observe that 

(cq, ® 6^3 + Co) * (ica ® ep - icfi ® Cq.) = 0. 



Therefore, = -&^\ i.e. are purely imaginary unit quaternions. When r > 2, the 
relation ^ 

{ica ® 6/3 — iep ® Co) * (e/3 ® + ® e^) = -{ica ® — ie^ ® Cq,) 

implies that t*^"^^ = t'^°'^\ Hence, all numbers t'^^^\ a ^ (5 must be the same: t^°'^^ = —Ti. We 
conclude that 

Similarly, 

r(A;eQ, (g 6/3 — /c6/3 ® Co) = UaTk ®Up — UpTk ® U^. 

Applying T to the relations 

{iCa ® 6/3 - 26/3 ® Go) * {jGa ® 6/3 - jCp ® 6^) = 0, 
{iCa ® 6/3 — 26/3 ® 6q) * (A;6q, (8> 6/3 — A;6/3 ® 6q,) = 0, 

(A;6o, ® 6/3 - A;6/3 6q) * (je^ ® 6/3 - j6/3 ® 6q,) = 

we obtain 

'^i'^j '^j'^iy '^i'Tk 'Tk'Ti) '^k'Tj Tj'I'k' 

We conclude that the vectors in representing the purely imaginary unit quaternions Xj, Tj, 
Tfc form an o.n.b. of M.^. If r = 2 there are no other restrictions on Ti, tj, Tk- Hence, there are 
two possibilities 

TiTj = Tk, TjTk = Ti, TkTi = Tj (5.1) 

and 

TiTj = -Tk, TjTk = -Ti, TkTi = -Tj . (5.2) 

If r > 2 then we have additional relations 

[iCa ® eii— 26/3 ® Cq,) * (j6/3 6^ — jc^ ® 6/3) = ^{kCa ® 6^ — kc^, ® 6q,) 

plus the two other relations obtained by the cyclic permutations of i, j and k. It follows that 
(15. ip must hold and (15.21) is ruled out. We conclude that any Jordan algebra automorphism 
T of S){M^), when r > 2, has the form 

TA = U{h- A)U*, {h- A)^p = h- A^p, (5.3) 

where U G [/(r, H) (i.e. U G End(EI) and U*U = Ir) and /i : H -)■ EI is an M-linear division 
algebra automorphism acting on all elements of A. The group of such automorphisms is 
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isomorphic to SO (3). The group acts on the 3D space of imaginary parts of quaternions by 
rotations. When r = 2 the automorphisms T have the same form (15. 3p . except the map h 
can be an represented by elements of the orthogonal group 0(3), instead of 5*0(3). For the 
algebra S}{C^) the imaginary unit x; can only be i or —i. Therefore, in this case the Jordan 
algebra automorphisms of S}{C^) must have the form TA = UAU* or TA = UAU*, where 
U E U{r). This is the same form as (15. 3p . where we take into account the fact that the group 
of M-linear automorphisms of C is Z2 consisting of the trivial map and complex conjugation. 
Our proof also shows that all Jordan algebra automorphism T of Sym(]R'^) have the form 
TA = RAR^, R G 0(r). Once again (15.31) describes the automorphism group, if we take into 
account that that there is no non-trivial M-linear automorphisms of M. 

Recall that our goal is to classify all Jordan subalgebras of Sym(M") up to the orthogonal 
isomorphism, corresponding to the choice of an o.n.b. in R"^. In particular we can change a 
basis and modify the automorphisms Ti, . . . ,Tk-i in the representation (13. 8p by conjugation 
with the orthogonal transformations. Therefore, we can simplify the automorphism maps T 
in (13.81) . In fact our explicit characterization immediately shows that up the the orthogonal 
transformations the automorphism T : Sym(R'') — t- Sym(M'') is the identity map, the map 
T : S){C^) — 7- S^{C^) is either an identity map or complex conjugation A ^-^ A, while the map 
T : io(HI^') — )■ io(EI'') reduces to the M-linear division algebra automorphism A ^ h ■ A and 
conjugation map A ^ A, ii r = 2. 

Lemma 5.1. 

(a) There is R E 0(2r) such that RAR^ = A for any A e S^iC). 

(b) For any ^.-linear division algebra automorphism h there exists Rh G 0(4r) such that 
RhARl = h-AforanyAe 9}iW). 

(c) If r = 2 the quaternionic conjugation map cannot be represented as a conjugation by 
orthogonal maps 

Proof. To prove part (a) we observe that ipii) G 0(2), ip{i)'^ = ipii) and ip{i)fic)ilj{i) = ^{C). 
Therefore, R = ip{i) ® J"^ G 0(2r), R^ = R and RAR = A for any A G ^(C). To prove part 
(b) we recall the Skolem-Noether theorem that for any M-linear division algebra automorphism 
h there exists a unit quaternion Uh such that h-q = Uhqu^^ for any g G H, since EI is a central 
simple algebra over M. We note that Rh = Q{uh) ® Ir E 0(4r) and RhARj^ = h ■ A for 
any A G S^iW). To prove part (c) we verify, using a symbolic algebra package, that the 
conjugation map J : A A on io(H^) fails to satisfy the 4-chain relation (13. 9p . □ 

6 Conclusions 

In this section we summarize and discuss the obtained results. 
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6.1 Structure theorem 

Theorem 6.1 (Jordan algebra structure theorem). 

1. Let U be a Jordan subalgebra o/Sym(]R"). Then 

n = Hi © . . . © n^, 

as a direct sum of algebras. More precisely there exists an o.n.b. o/M" in which 

n = {diag(Ai, A2,..., A^, 0) : e Hi, . . . , A„ e n„}, 

where each Ua is a simple non-singular Jordan subalgebra o/Sym(M°'°), for some da > 1 
for which di + . . . + dm < n. 

2. There exits an o.n.b. in R" such that a simple non-singular Jordan subalgebra U of 
Sym(R"') has one of the following forms 



6.2 Completeness 

The exphcit characterization of all Jordan subalgebras of Sym(]R") in Theorem 16. II allows us 
to answer a question about completeness of a subalgebra 11 C Sym(R"). 

Theorem 6.2 (Completeness theorem). 

(a) A subalgebra U C Sym(M") is complete if and only if all simple non-singular algebras 
Ha C Sym(R'^"), a = 1, . . . ,m in part 1 of Theorem \6.1\ are complete. 

(b) A simple non-singular algebra 11 C Sym(M") is complete if and only if it is orthogonally 
equivalent to one of the algebras in cases (a), (b) or (c) in part 2 of Theorem \6.1[ 



Proof. Part (a) is obvious. To prove part (b) we observe that 2t(Sym(R'') © J„/r) = End(R^)© 

In/r, 2l(i^(C0 © In/2r) = Endc(CO © /„/2., and %S){W) © In/Ar) = ^ndu{W) © /„/4.. We 

also have 2t(n*) = EndH(IHl2), while {Yjn(lu{^^))syra = S^i'E.'^) 7^ H*. A computer algebra 
system can verify that 



(a) n 

(b) n 

(c) n 



Sjm{W)®In/r, r > 1 

i3(e) © In/2r, r>2 

S){W) © In/ir, r > 2 




A1A2A3A4 + A4A3A2A1 ^ A1A2A3A4 + A^AsAsA 
at least for some {Ai, A2, A3, A4} C Sj{M^). 



□ 
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Remark 6.3. We observe that part (a) with r = 2 and part (d) represent two different 
embeddings of the same algebra i3(EI^) in Sym(R"). One embedding is complete, while the 
other is not. 

6.3 Symmetric subalgebras of End(M") 

The corollary of our analysis is an explicit characterization of all subalgebras B of End(M'^) 
closed under transposition: B^ = B. We will call such algebras symmetric subalgebras of 
End(R'^). 

Theorem 6.4. Let B be a symmetric subalgebra o/End(M"). Then 

B = Bi® ...®B^. 

More precisely there exists an o.n.b. ofW^ in which 

B = {diag(Ai, A2,...,A.^,0): AieBi,...,Ame B.m}, 

where each Bj is a simple non-singular symmetric subalgebra of End{M.'^^), for some 
dj > 1 for which di + . . . + dm n. 

• A simple symmetric non-singular subalgebra B o/End(M") is orthogonally equivalent to 
one of the three possible forms 

(a) B = End(M'') In/r, r > 1 

(b) B = Endc(CO ® In/2r, r > 1 

(c) B = EndH(HO ® /„/4,, r > 1 

Theorem 16.41 should be compared with the well-known fact that there is no effective char- 
acterization of all subalgebras of End(]R"). Our characterization also provides two examples 
of the symmetric associative algebras B such that 2l(i3syin) ^ B. They are cases (b) and (c) 
in part 2 of Theorem 16.41 corresponding to r = 1. Indeed, for B = {(f{c) : c G C} we have 
i3sym = ^l2, while, for B = {Q{q) '■ q € H} we have iSgym = ^Ia- 

6.4 Completeness of multialgebras 

Suppose now that we are looking for all subalgebras of Sym(M'^) that are closed not only with 
respect to the product ( 12. 5p but also with respect to the products ( 12. 2p . where the subspace 
A of multiplications is spanned by finitely many matrices Ai = In, A2, . . . , Ag. Let 11 be 
a non-singular ^-multialgebra. Then Aa = InAaIn £ H, a = 2, . . . , s. We first choose a 
basis in which 11 has the form described in the Structure Theorem 16.11 In that basis the 
submatrices of A2, . . . , Ag corresponding to A/'(n)-'- must be block-diagonal, with each block 
being a member of a simple component Ua of 11. If IIq, satisfies the 4-chain condition with 
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respect to the single multiplication (12. 5 p then it will also satisfy the p-chain condition for 
any p > 5. It follows that 3 and 4-chain conditions will hold for the a-th block of 11 for all 
multiplications in f l2.2p . since the a-th blocks of matrices A2, . . . ,As will be in Ua- We have 
identified two possibilities for Ua to fail completeness. One is that IIq, be isomorphic to 11* 
and the other is that Ua be isomorphic to i3(]HI^) and has the block-diagonal structure as in 
part 2(d) of Theorem 16.11 Therefore, whether or not all w4-multialgebras 11 are complete will 
depend on whether it is possible to find an o.n.b. in which all matrices A2, . . . ,As have the 
upper left 8x8 submatrix in 11*, or 16 x 16 submatrix Mig of the form 

iJGi3(tf). (6.1) 

Even though these possibilities cannot be ruled out in general, we may try to understand 
when such algebras can arise generically. The subspace of Sym(M") of all matrices whose 
upper left 8x8 submatrix is in 11* has co-dimension 31, while the set of all matrices whose 
upper left 16 x 16 submatrix has the form (16. ip has co-dimension 124. Therefore, the space 
Vo of s-tuples of symmetric matrices (one of which is In), all of whose 8x8 submatrices 
is in n* has co-dimension 31(s — 1). The dimension of the 0{n) orbit of a generic s-tuple 
of matrices is n{n — l)/2. The subspace Vq will intersect this 0{n) orbit generically only 
if n{n — 1) > 62(s — 1). For example, for a generic 5-dimensional space A (containing 
/„), all Jordan multialgebras will be complete, if n < 17. These dimensional considerations 
explain the reason for completeness in all of the examples in [HI [9l [TOl [13]. Conjecture 12.31 
suggests that another way to eliminate failure of completeness may be to restrict the Jordan 
multialgebras to SO (2) or S'O (3)-invariant ones. Appendix [B] gives an example, where A is 
5-dimensional, but all 5'0(3)-invariant Jordan multialgebras are complete for any value of n. 
The anlogous example in the 50(2) context in Appendix [C] produces examples of incomplete 
5'0(2)-invariant Jordan multi-algebras. 
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A Theory of exact relations for effective tensors of com- 
posite materials 

Let G = SO{d), (i = 2 or 3, and let T be a finite dimensional representation space of G. The 
space T is also equipped with the G-invariant inner product. The elements of T represent 
values of physical fields in a material. For example, the electric and the current fields take 
values in T = M'^ with the standard action of G = 5*0(3), i.e. T = Wi. In a fiber- reinforced 
composite the group G is 50(2), in that case the space of field values T = M'^ = VTiSPVo- The 
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material properties are elements of Sym'''(T) — symmetric positive definite operators on T. 
Taking two materials {Li, L2} C Sym"''(T) we may form a laminate — a composite consisting 
of layers of material Li alternating with layers of material L2. Such a laminate is described by 
the direction of the lamination n G E>'^~^ (when G = SO{d)) and the volume fractions of Li 
and L2 are 61 and 62 = l — Oi respectively. At the length scale at which the single layer width 
is infinitesimal, the laminate will be indistinguishable from a homogeneous material. The 
homogenization theory [21 [16] supports this assertion mathematically for arbitrary composites 
whose microstructure length scale is infinitesimal. In the case of a laminate there exists a 
beautiful explicit formula for the effective tensor [251 EZ] 

where Lq is an arbitrary "reference material" and the map Wn{L,LQ) has the form 

Wr^m Lo) = [(Lo - L)-i - TL,{n)]-' = [Ir - (Lq - L)r L,{n)]-\Lo - L). 

Here r£,g(n) e Sym(T) is an explicitly known function of n G E>'^^^ satisfying R ■ T 1^(71) = 
F/^Q (i??T,) for all R & G, provided Lo € Sym^(T) is a fixed point of G-action. For example, in 
the case of conductivity 



(Lon ■ n) ' 

Definition A.l. A lamination exact relation is a submanifold M. in Sym^(T) such that 
L* G M whenever {Li, L2} C M for any n G S'^^'^ and 61 G [0, 1]. 

It is clear from the definition that the W„,(M;Lo) is a convex subset of Sym(T) and at 
the same time the surface of the same co-dimension as M. Therefore, VFji(M; Lq) is an affine 
subspace of Sym(T). However, choosing Lq G M and observing that W{Lo;Lq) = implies 
that the affine subspaces H„ = ^^^^(M; Lq) are hnear subspaces of Sym(T). The function 
Am,Ti = Wm o maps H^^ into H^ diffeomorphically (at least in the neighborhood of 0). 
We easily compute 

Arr^AK) = [K-^ + F(n) - F(m)]-i = [Ir - (F(m) - T{n))K]-^K. 

We see that the differential of Am,n is the identity map: dAjn,n{0)C, = ^ for any ^ G TqH^. 
That means that the tangent spaces of H^ and H^ are the same. It follows that H^^ = Hm, 
since the spaces H„ and H^^ coincide with their tangent spaces. Thus, the H = Wn(M.; Lq) 
is a well-defined subspace of Sym(T). Expanding the map A^ m '■ n — )■ IlAm,n{K) in powers 
of K we obtain 

Am,n{K) = KA^ ^K + K A^ nK A^ nK + K A^ Am^nK A^ + . . . , 

where A^.n = F(m) — F(n). We conclude that for M to be a lamination exact relation it is 
necessary and sufficient that 

KAKeU, LTgH, a G ^ = Span{F(m) -F(n) : |n| = 1}. (A.l) 
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The subspaces 11 satisfying (]A.1|) are also closed with respect to several Jordan algebra prod- 
ucts 

Ki *A K2 = ]^{KiAK2 + K2AK1), AeA. 

Definition A. 2. The submanifold M. o/Sym^(T) is called an exact relation if the effective 
tensor L* of a composite will lie in M., whenever constituent materials lie in M, regardless of 
the microstructure. 

We have shown in [11] and ^ that if the Jordan multialgebra 11 is complete in the sense of 
Definition 12.21 then it corresponds to an exact relation M = iy^^(n; Lq). It is a modification 
of the proof of Cohn's theorem (see [151 P- 8]) to show that 11 is complete if and only if (12.41) 
holds. 



B SO{3) invariant Jordan multialgebras in Sym(VI^i (8)IR^) 

Let T = W^i ® M". From the representation theory of 50(3) we have Sjm{Wi) = Wo® W2. 
Let A = W2 ® In C. Sym(T). Thermoelectric properties of composites would fit in this 
context with n = 2. In this section we recall, for the sake of completeness, the explicit 
characterization, achieved in [11], of all 5'0(3)-invariant Jordan ^-multialgebras in Sym(T). 

Theorem B.l. Let U be an SO {3) -invariant Jordan A-multialgebra in Sym(Vri (g'M'^), where 
A = W2 CS) In- Then there exists an associative subalgebra B o/End(R"), such that = B 
and n = (End(Vri) ® B)sym- 

Proof. Recall that all the irreps of 5*0(3) are of real type. In other words Endso{3)(}Vm) 
consists of real multiples of the identity for all m > 0. Therefore, an arbitrary 50(3)- 
submodule of Sym(T) will have the form 

U = Wo^Co®Wi^Ci®W2^ C2, 

where £0 and £2 are subspaces of Sym(]R"), while £1 C Skew(]R"). For any two subspaces 
Vi and V2 of End(M") we define 

ViV2 = Span{XiX2 : X^ E Vi, X2 E V2}. (B.l) 

It is easy to check that with subspace multiplication defined by (IB.ip 50(3) submodules of 
End(T) form a semiring. In order to understand the semiring structure we need to understand 
the multiplication of irreps in End(T). This was done in [TT] for 50(3) and generalized to 
some other groups with similar properties in [3T| |30| [T9] . According to the Clebsch- Gordon 
formula 

Wi®Wj= Wk, I{i,j) = {kEZ:\i-j\<k<i + j}, i > 0, j > 0. 

k€l{i,j) 



26 




Observe that the map 

$ : End(iyi) O End(Vri) ^ End(Vri), <I>(X O F) = XF. 
is surjective and commutes with rotations. Therefore, 

WiW,= Wu, J(2,j)c/'(^,j) = /(^,j)n{0,l,2}. (B.2) 

It is not hard to check by hand that in fact J = j). We remark that there are values m > 1 
and pairs (z,j) for which J{i,j) 7^ Hhj) H {0, 1, . . . ,2m} in End(PVm). The muhiphcation 
rule (1B.2P permits us to describe the products of two arbitrary SO (3) submodules of End(T): 

2 

i,j=0 

Using (IB. 311 we can write the condition ( lA.ll) in terms of the subspaces 

[(£i + £2)*(/:o + A + /:2)]skcw C £1, (B.4) 

[(£0 * /:2) + (A + /:2) V ^ ^0, 

where £j * £j = CiCj + CjCi- 

Lemma B.2. Let Cq, Ci and £2 solve (B7^. Then Cq = £2 o,nd there is an associative 
symmetric subalgebra B C End(M'^) such that £1 = Sskew and £2 = -Bsym- 

Proof. Let B = £1 © £2, Then the subspaces B and B^ are closed under transposition. 
The first equation flB.4l) says that (-B^)sym C £2 C ^B, while the second equation flB.4l) says 
(i3^)skew C £1 C Therefore, = (i3^)sym © ('B^)skew C ^B. Thus B is an associative 
subalgebra of End(R"). Since B^ = B, the algebra B is semisimple, and therefore, B^ = B 
(see e.g. [2n])- The third equation flB.4p says that (i3^)sym C £0- Thus, £2 C £0- It 
remains to establish the reverse inclusion. From the first and second equations (IB. 41) we 
obtain respectively that (£0 * i3)sym C £2 and (£0 * 'B)skcw C £1. The two inclusions combine 
to 

Co*BcB. (B.5) 

This suggests our next step. Let 

B' = {be End(M") : bBcB and Bb C B}. 

Then B' is the largest associative subalgebra in End(M") containing i3 as a two-sided ideal. 
The relation fIB.Sp can then be reformulated as Cq C B'. It is easy to verify that B' is closed 
under transposition and, therefore, semisimple. Thus B' = BQ)C a.s a direct sum of algebras, 
where 

C = {ceB' : cb = be = Oior all b G B}. (B.6) 
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We see that the complementary ideal C is also closed under transposition. Therefore, if 
a E Cq G B' and a = b + c with b E B and c G C, it follows that both b and c are symmetric 
matrices. From the first equation (IB. 41) we have (£o)sym C £2- Therefore, = 6^ + G B. 
Thus, = 0, implying c = for a symmetric matrix c. So, we have proved that Co C £2, 
which yields, together with the reverse inclusion, that Cq = £2- Now it is easy to verify that 
all equations (IB.4P are satisfied. □ 

□ 



C Incomplete /S'0(2)-invariant Jordan multialgebras in 

Sym(VI/i (g) W) 

We remark that Theorem IB . 1 1 together with Theorem 16.41 completely characterizes all 50(3)- 
invariant Jordan ^-multialgebras in Sym(l^i ® M") and shows that all the ^-multialgebras 
are complete. An arbitrary S'0(2)-submodule 11 of Sym(iyi®]R"') is characterized by a pair of 
vector spaces C — a real vector space in i3(C") and A4 — a complex vector space in Sym(C"). 
Specifically, 

n = {ifil) ®Xi + ip{i) ®X2 + tpil) ®Yi+ ^{i) ®Y2:Xi + 1X2 G £, + iY2 G M). 

Let A = W2 ® In = {'^/'(ct) ® : ct G C}. The subspace 11 is an 5'0(2)-invariant Jordan 
^-multialgebra if and only if 

Y^ + XX^eM, YX + XY* e Chi al\ X e C, Y e M. (C.l) 

An arbitrary 5'0(2)-submodule 11' of End(PFi ® M") is characterized by a pair of vector 
spaces C — a real vector space in End(C") and Ai' — a complex vector space in End(C"). The 
subspace 11' is an S'0(2)-invariant associative ^-multialgebra if and only if 

YiY2 + Xjr2 G M', 1^1X2 + X^T2 G £' for all {Xi, X2} C £', {Y,, Y2} C M'. (C.2) 

We also have (X, Y)sy^ = ((X + X*)/2, {Y + F^)/2). We may represent elements of U and 
n' formally as quaternionic matrices 

U = Y + Xj, W = Y' + X'j, X e C, Y e M, X' e £', Y' g M'. 

Taking into account that the multiplication of a complex matrix Z = Zi + iZ2 by j has the 
property jZ = Zj we obtain 

liKiK2 + K2K1) G n, K[K'^ G n' for all {K,, K2} C H, {K[, K'^} C W. 

We also have (F + Xjf = + jX^ = + X*j. 
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Let us exhibit several families of solutions of (]C.1|) . Let LI C Sym(]R") be a Jordan 
subalgebra, as in the main part of this paper. Let 



£ = {0}, = n®C C Sym(C'^). (C.3) 

It is now clear that (IC.ip is satisfied. Let us show that 

C' = {0}, 7W' = 2l(n)®C 

Describes the smallest associative S'0(2)-invariant multialgebra containing (£, Ai). It is clear, 
that the pair {C',Ai') satisfies (1C.2I) . Let {C,Ai) denotes the pair of subspaces describing 
smallest associative 5'0(2)-invariant multialgebra containing {C,Ai). We see that all the 
products Ai...Am e M ioT any {Ai,...,Am} C 11. Thus, 21(11) C M. It follows that 
C = C = C = {0}, while M = M' = 2l(n) ® C. This result shows that if H C Sym(C") is 
incomplete then so is the S'0(2)-invariant Jordan multialgebra described by (IC.Sp . In partic- 
ular, we get an example of incomplete S'0(2)-invariant Jordan multialgebra corresponding to 
n = n*, when n = 8. 

There is another family of solutions of (1C.1I) 

M = {ain : a G C}, XX^ = XIn, A G C, for all X G £ C i3(C"). 

If n = 4 it provides another example of the incomplete S'0(2)-invariant Jordan ^-multialgebra, 
when 

C = {iQ{q) : g G e, gfJe(g) = 0}. 

Indeed, if Xi = iQ{qi) and X2 = iQ{q2), then X1X2 = Q{qiq2)- Hence, aQ{qiq2) G Ai' for 
any a G C and any {qi, ^2} C H, such that 3fJe(gi) = 3fte(g2) = 0. Then for any {qi, q2, qs} C H, 
such that 3fte(gi) = 3fte(g2) = ^^^(^3) = 0, we have Z = aiQ{qiq2qz) G C . We compute 

Z + Z* = i^t{a)Q{h) + 2Jm(a)(gi, q2, qs)^, 

where h = qiq2q3 + q3q2qi and (gi, q2, qs) is the triple-product of the 3D vectors corresponding 
to the imaginary quaternions qi, q2, qs- We observe that 3fte(/i) = 0, so that i^c{a)Q{h) G C. 
Choosing qi = i, q2 = j and qs = k we get (gi, 52,93) = 1, and therefore, (£, A^) is incomplete, 
since J4 ^ C. In fact one easily verifies that the above calculation corresponds to the failure of 
a 3-chain relation in (12. 4p . In [9J it was shown that the 3-chain relation property is necessary 
for the S"© (2) -invariant Jordan multialgebra to correspond to an exact relation. Hence, the 
above Jordan multialgebra provides the first example of a rotationally invariant lamination 
exact relation in 2D that is not stable under homogenization. 
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